Abstract. In this paper we investigate when various Banach spaces associated to a locally compact group G have the fixed point property for nonexpansive mappings or normal structure. We give sufficient conditions and some necessary conditions about G for the Fourier and Fourier-Stieltjes algebras to have the fixed point property. We also show that if a C * -algebra A has the fixed point property then for any normal element a of A, the spectrum σ(a) is countable and that the group C * -algebra C * (G) has weak normal structure if and only if G is finite.
Introduction
Let E be a Banach space and K be a weakly compact convex subset of E. We say that K has the fpp (=fixed point property) if every nonexpansive mapping T : K → K (i.e., T x − T y ≤ x − y for every x, y ∈ K) has a fixed point. The space E has the fpp if every weakly compact convex K ⊆ E has the fpp.
It is well known (Schauder's Theorem) that compact convex nonempty subsets of a Banach space have the fpp. In particular, any Banach space E having the Schur property (i.e., weakly compact subsets of E are norm compact) has the fpp. It is also well-known (Browder's Theorem [6] ) that uniformly convex Banach spaces have the fpp. In [14] Kirk, extending Browder's Theorem, showed that a weakly compact convex subset of a Banach space with normal structure has the fpp. In [2] Alspach exhibited a weakly compact convex subset K of the Lebesgue space L 1 [0, 1] and an isometry T : K → K without a fixed point, proving, thereby, that the space L 1 [0, 1] does not have the fpp. However, in [19] , Maurey, using the techniques of ultraproducts, showed that reflexive subspaces of L 1 [0, 1], as well as the sequence space c 0 , have the fpp.
In this paper we present, in section 3, sufficient conditions and some necessary conditions for the Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G) associated to a locally compact group G to have the fpp. We show that if G is an [AU ]-group (i.e., the enveloping von Neumann algebra of the group C * -algebra C * (G) is atomic) then the spaces A(G) and B(G) have the fpp. In particular, if G is a compact group then A(G) has the fpp (see [16] ). Conversely, if A(G) has the fpp then G is compact if G is either a direct product of a compact group and a locally compact abelian group, or a connected [IN ]-group. We also show that if A(G) has the fpp and G is a [SIN ] -group then G must contain an open compact normal subgroup. If, in addition, G is discrete then G cannot contain an infinite abelian subgroup; in particular, each element of G must have finite order. In section 4, we show that if a C * -algebra A has the fpp then, for any normal element a of A, the spectrum σ(a) of a is countable; consequently, the algebra is scattered. It is also shown that the group C * -algebra C * (G) of a locally compact group G has weak-normal structure if and only if G is finite.
Preliminaries
Let K be a bounded closed convex subset of a Banach space
where δ(K) denotes the diameter of K. The set K is said to have normal structure if every nontrivial (i.e., contains at least two points) convex subset H of K contains a nondiametral point of H. A Banach space has weak-normal structure if every nontrivial weakly compact convex subset has normal structure. A Banach space having weak-normal structure has the fpp [1] .
A Banach space E is said to have the uniformly Kadec-Klee (=U KK) property if for any > 0 there is a 0 < δ < 1 such that whenever (x n ) is a sequence in the unit ball of E converging weakly to x and inf{ x n − x m : n = m} > , then x ≤ δ (see Huff [12] ). As is known [8] , if E has the U KK property, then E has weak-normal structure and hence the fpp.
A Hausdorff topological space X is dispersed (or scattered) if X does not contain any perfect subset (i.e., a closed subset A of X such that each point of A is an accumulation point of A). Now let G be a locally compact group. For the definitions of the Fourier algebra A(G), the Fourier-Stieltjes algebra B(G), the group C * -algebra C * (G) and the von Neumann algebra V N(G) we refer the reader to Eymard's paper [9] . The group G is said to be an [ [20] ).
For the undefined notations we refer the reader to the book [11] .
The RNP and the fpp on the predual of von Neumann algebras
We recall that a Banach space E is said to have the Radon-Nikodym property (=RNP) if each closed convex subset D of E is dentable, i.e., for any > 0 there exists an x in D such that x / ∈ co D\B (x) , where B (x) = {y ∈ X : x − y < } and co K is the closed convex hull of a set K ⊆ E. Ample information about this notion can be found in Bourgin's book [5] . We also recall that the dual space of a C * -algebra A has the RNP if and only if A does not contain an isomorphic copy of l 1 [10, Corollary VII.10] and [5, Corollary 4.1.7] . In general, there exists no connection between the RNP and the fpp, given that the RNP is an "isomorphic property" whereas the fpp is an "isometric property". However, for the preduals of von Neumann algebras we have the following result. See also Lemma 1 in [16] . Proof. Let S denote the normal states in M * and ext(S) be the set of its extreme points. As in the proof of Theorem 4 in [7] , if for each f ∈ ext(S), {π f , H f } is the representation of M induced by the GNS-construction, then M is isomorphic to the direct-sum ⊕B(H f ) taken over all f ∈ ext(S), where B(H f ) denote the set of all bounded linear operators from the Hilbert space H f into itself. It follows from the uniqueness of the predual of a von Neumann algebra that M * is linearly isometric to the l 1 -sum
where T (H f ) denotes the space of trace class operators on H f . Let H be the Hilbert space direct summand of {H f , f ∈ ext(S)}. Then the space ⊕T (H f ) can be isometrically embedded into T (H). By a result of Lennard [18] T (H) has property U KK . It follows that T (H), and so every subspace of it, has the fpp. Hence M * has the fpp. Proof. We first observe that, for any locally compact group G, B(G) = C * (G) * and that A(G) is a closed ideal of B(G) [9] . Thus B(G) is the predual of the von Neumann algebra C * (G) * * . Now assume that G is an [AU ]-group. Then, by Theorem 4.2 of [23] or Theorem 5 of [4] , B(G) has the RNP. Hence, by the preceding lemma, the spaces B(G) and A(G) have the fpp. Now if G is an [AR]-group, then, by Theorem 4.1 of [23] or Theorem 4 of [4] , A(G) has the RNP. Since A(G) is the predual of the von Neumann algebra V N(G) [9] , by the preceding lemma, A(G) has the fpp.
Corollary. Let
Since the inclusion [AU ] ⊆ [AR] is strict, it seems quite possible that there are locally compact groups G for which A(G) has the fpp but B(G) lacks it. However, as we do not know whether the converse of Lemma 3.1 holds or not, we were not able to find a locally compact group G for which A(G) does have the fpp but B(G) lacks it. We also remark that if G is a noncompact [AU ]-group then B(G) does not have the Schur property [17, Theorem 4.5] although it has the RNP and the fpp.
It follows from above that if G is compact, then A(G) = B(G) always has the fixed point property. However, there are non-compact solvable locally compact groups G (for example, when G is the so-called "ax+b" group= the affine group) such that V N(G) is atomic (see [3] ). For such G, A(G) has the fpp by Lemma 3.1. Also, if G is the Fell's group (which is the natural semi-direct product of the p-adic numbers with the compact group of p-adic units for a fixed prime p) then G is non-compact, totally disconnected and has countable dual; so it is an [AU ]-group [23, Remark 4.6]. So B(G) has the fpp by the above corollary.
We now give some necessary conditons for A(G) to have the fpp.
Lemma. Let G be any locally compact group for which A(G) has the fpp. (1) If K is any compact normal subgroup of G then A(G/K) also has the fpp. (2) If H is any open subgroup of G then A(H) also has the fpp.
Proof.
(1) By Proposition 3.25 in [9] , A(G/K) can be identified isometrically with the subspace of functions in A(G) that are constant on the cosets of K. Hence A(G/K) has the fpp.
(2) The map which sends each function f in A(H) to a function which agrees with f on H and zero outside H is a linear isometry from A(H) into A(G) by Proposition 3.21 in [9] . Hence the result follows.
Theorem. Suppose G is either a direct product of a compact group and a locally compact abelian group, or a connected [IN ]-group. Then A(G) has the fpp if and only if G is compact.
Proof. One direction follows from Corollary 3.3 (see also [16] ). To prove the other direction, first suppose G = K × V , where K is compact and V is a locally compact abelian group. Since G/K is isomorphic to V , A(G/K) and A(V ) are isometrically isomorphic. If A(G) has the fpp then, by Lemma 3.4, A(G/K), and hence A(V ), have the fpp. But V is abelian, and so, as well known, A(V ) is isometrically isomorphic to L 1 ( V ), where V denotes the dual group of V . If V is non-compact then V is non-discrete and so If G is discrete and H is an infinite abelian subgroup, then Lemma 3.4 implies A(H) has the fpp. This would contradict Theorem 3.5.
Dispersed locally compact spaces and the fpp
Let X be a locally compact (Hausdorff) space. It is well-known that M (X) = C 0 (X) * has the RNP if and only if X is dispersed [21] . Consequently dispersed locally compact spaces and the fpp are closely connected. In this section we present some results about this connection.
Theorem. Let X be a locally compact Hausdorff space. If
Proof. Assume that C 0 (X) has the fpp but X is not scattered. Then X must contain a nonempty compact perfect subset K. By Theorem 2 on page 29 in [15] , there is a continuous function φ from K onto [0, 1]. By Tietze's Extension Theorem as given in [11, 7. 40, p. 99] φ has a continuous extensionφ to X that maps X onto [0, 1] and has a compact support. It follows that we have a linear isometry from C[0, 1] into C 00 (X), and so into C 0 (X). The space C[0, 1], being universal for separable Banach spaces, contains an isometric copy of the Lebesgue space L 1 [0, 1]. As this latter space lacks the fpp, C 0 (X) lacks it too. This contradiction proves the theorem.
We do not know whether the converse of this theorem is true or not. For the dual space of C 0 (X), a more satisfactory result is given in Lemma 1 in [16] , where it is shown that C 0 (X) * has the fpp iff X is dispersed. We now present some corollaries of the above results. If A is any C * -algebra, for a ∈ A, we denote the spectrum of a by σ(a).
Corollary. Let
A be a C * -algebra that has the fpp.
(1) The dual B * of every commutative C * -subalgebra B of A has the Schur property.
(2) For any normal element a of A, σ(a) is countable. In particular, the algebra A is scattered.
(1) Since A has the fpp, every commutative C * -subalgebra B of A also has the fpp. As B = C 0 (X) for some locally compact space X, Theorem 4.1 shows that X is dispersed. Hence B * has the Schur property. See [21] . (2) Let a be a normal element of A and C * (a) be the closed C * -subalgebra of A generated by a. Then C * (a) is an abelian C * -subalgebra of A and its Gelfand spectrum is σ(a). It follows from assertion (1) that σ(a) is a dispersed locally compact subset of the complex plane. Since the dispersed subsets of the complex plane are countable by the Cantor-Bendixson Theorem [11, p. 52] , the set σ(a) is countable. The second statement follows from the local characterization given by Huruya [13] , where he proved that a C * -algebra is scattered iff the spectrum of each of its self-adjoint element is scattered.
Corollary. Let G be a locally compact group. Then the C
* -algebra C 0 (G) has the fpp if and only if G is discrete.
Proof. If C 0 (G) has the fpp then, by Theorem 4.1, G is dispersed, and so it is discrete. The converse follows from Maurey's theorem asserting that c 0 has the fpp, and its extensions. See [1, p. 108-111] .
As another corollary of Theorem 4.1 we have the following result.
Corollary. A von Neumann algebra M has the fpp if and only if M is finite dimensional.
Proof. If M is infinite dimensional, then every maximal abelian *-subalgebra B of M must be infinite dimensional. In this case, B must be ultraweakly closed. Hence B = i∈I ⊕Z λ , where each Z λ = L ∞ (Ω λ , µ λ ) for some probability space (Ω λ , µ λ )
with Ω λ = supp(µ λ ) (see [22, p. 46] ). If I is infinite, then B contains an infinite sequence of pairwise orthogonal projections. Hence B contains an isometric copy of l ∞ = C(βN). As βN is not dispersed, by Theorem 4.1, M does not have the fpp. If I is finite, then one of L ∞ (Ω λ , µ λ ) must be infinite dimensional. Let L ∞ (Ω λ , µ λ ) be infinite dimensional and let (E n ) n∈N be a sequence of pairwise disjoint nonnegligible measurable subsets of Ω λ . The mapping T : l ∞ → L ∞ (Ω λ , µ λ ) that sends each a = (a n ) to T (a) = a n χ En is a linear isometry. It follows that L ∞ (Ω λ , µ λ ), and consequently M, lacks the fpp. Thus, if M is infinite dimensional it cannot have the fpp. The converse is trivial.
From the preceding corollary it follows immediately that the von Neumann algebra V N(G) has the fpp if and only if the group G is finite.
Next we consider weak-normal structure on C * -algebras.
Theorem. A C * -algebra A has weak-normal structure if and only if it is finite dimensional.
Proof. Assume A has weak-normal structure. If A is an infinite dimensional C * -algebra, and B is a maximal abelian *-subalgebra of A, then B must be closed and infinite dimensional. Hence B = C 0 (X) for some infinite locally compact X. If A has weak-normal structure, then B also has weak-normal structure and so has the fpp. By Theorem 4.1, X must be dispersed. Let Γ be the set of all isolated points of X. As Γ is dense in X it must be infinite. For each t ∈ Γ, the characteristic function χ t of t is in C 0 (X). It follows that we have a linear mapping T : c 0 (Γ) → C 0 (X) that sends each a = (a n ) to T (a) = a n χ tn . This mapping is isometric. Consequently, c 0 (Γ) also has weak-normal structure if A has. Since it is well known that c 0 (Γ) does not have weak-normal structure we conclude that A must be finite dimensional. The converse is trivial. Proof. If C * (G) has weak-normal structure, then, by the preceding theorem, C * (G) is finite dimensional. It follows that B(G) = C * (G) * is finite dimensional. As A(G) B(G) and A(G) is dense in C 0 (G) with the sup norm topology, C 0 (G) is finite dimensional. Thus G is finite. The converse is trivial.
We finish the paper with the following questions. 
